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Introduction

Definition 1.1

Let E be a real Banach space and let C be a nonempty closed convex subset of
E.Amap T: C — C is said to be asymptotically nonexpansive ([2]) if there
exists a sequence {ki}< [1, ) with Inim ko = 1 such that

1.1 T xT Y[ <k XVl

forallx,y e Candn>1.

T is said to be uniformly L-Lipschitzian ([2]) if
[IT"%-T"y || < Lix-yll

for all X, y € C and n > 1, where L is a positive constant.

For a map of T of C into itself, the Ishikawa iteration scheme is studied ([1]): X;
e C,and

w2 {xn+1=anT”(yn)+(1—an)xn
Yo = BT (%) + (1= B,)%,

Definition 1.2

Let C be a nonempty closed convex subset of a Banach space X and let D be a
nonempty subset of C. A retraction from C to D is a mapping P : C — D such
that Px = x for x € D. A retraction P from C to D is nonexpansive if P is
nonexpansive (i.e., |[Px-Py|| <||x-y || for x, y € C).

Let E be a real normed linear space, K a nonempty subset of E. LetP : E > K
be the nonexpansive retraction of E onto K. Amap T : K — E is said to be
asymptotically nonexpansive([2]) if there exists a sequence (k,) < [1, ), k, —>1
as n — oo such that the following inequality holds.

(1.3) TP X-TPT)"'y|| < kllx-Yll, ¥X,y € K,n> 1.
T is called uniformly L-Lipschitzian if there exists L > 0 such that

(1.4) ITET)" X-TEPT)™ || <L |-y, ¥X,ye K, n>1.
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Let K be a nonempty closed convex subset of a real uniformly convex Banach
space E. The following iteration scheme is studied:

Xp = P, T (PT)™(¥,) + (L= 2,),)
Yo =P(BT(PT)™ (X)) + (1~ B,)%,)

Lemmal.l ([6]) Let r > O be a fixed real number then a Banach space E is
uniformly convex if and only if there is a continuous strictly increasing convex
map g : [0,00) — [0,00) with

(1.5) X € K, {

g(0) =0 such that for all X, y € Br[0] ={x € E : |X|| < r},
[Ax + (1-MYlI2 <A X2 + (1-1) [lyl|2-2.(1-2)g (|[x-y]]) for all & e [0,1]

Lemma 1.2 ([7]) Let g:[0,00) — [0,00) with g(0) = O be a strictly increasing
map. If a sequence {x,} in [0, o) satisfies lim g(x,) = 0, then lim (x,) = 0.
n—o n—o0

2. Main Results
Lemma 2.1

Let E be a real uniformly convex Banach space, K closed convex nonempty
subset of E. Let T : K —>E be asymptotically nonexpansive with sequence {k.}
c [1, ) such that

Yky -1 <ooand F(T) = ¢. Let {an} = (0,1) besuchthate<1-a, <1-gVn
nx1
> 1 and some ¢ > 0. From arbitrary x; € k define a sequence {x.} by equation

(1.5). Then lim|x, —x*| exists for each x* e F(T).
n—o0

Proof
For any x* e F(T), utilizing (1.5), we have
Xas-X4] = [IP(cnT (PT)™ (¥n) + (1-a) Xa)-Px¥)|
= [|len(TPT)™ (Y)-TPT)™ x*) + (L-a) (Xax¥)|
< ankn [lyn x| + (1) [IXa-x*]
< ankall B (TCPT)™ (Xa)-X*) + (1) (kX + (L) (x|
< 0Bkl TPT)™ (X)-X*]| + @tnkn (1-Bn) [ Xo-X*]| + (L) | Xo=X* ||

< onf knz [l X X*|| + otk (1-80) || Xa-X*|| + (1-atn) || Xa=X* ||

< %=x* || [onfBa kf + onkn- 0ok + 1-an]
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S| X=X || [onBrkn (Xa-1) + an(Kqa-1) + 1]
< X || [1 + 2], where pin = anfrkn (Ka-1) + an(Ka-1)
(X2 X < X0 (1 + pa2) (1 + ). (1 + pan)

<[ e

since, e [I%:-x*|| is bounded.
This proves that |[x,-x*|| is a bounded sequence and hence lim |jx,-x*|| exists.
n—oo

Theorem 2.2

Let E be a real uniformly convex Banach space, K closed convex nonempty
subset of E. Let T : K —E be asymptotically nonexpansive with sequence

{kn} = [1, o) suchthat Yk, —1 <o and F(T) # ¢. Let {a,} = (0,1)
n>1
be such that

e<l-a, <£1-gV n>1andsome ¢> 0. From arbitrary x; € k define a
sequence {X,} by equation(1.5). Let {an} and {B.} be sequences in [0,1] and
satisfy the following condition :

ian(l—an)zoo,lim sup B, <1 (2.1)

n=1 n—ow

Then Iirpﬁigf | Xo-T(PT)" x| = 0.

Proof

For any x* e F(T), utilizing (1.5), we have

XX = o (TPT)™ (Ya)x*) + (1-a) (ex*) I

< o | T(PT)™ (o)X + (L) [Xa-x*]-0tn (1-0n) G (IXa~(T(PT)"™ (y) I
< atnka [ Yax*| + (1-am) [| Xo-X*1P-0n (1-an)g (e (TCPT)™ (y) )

< atnkn | B (TT)™ (x0)X*) + (1 =Fn) (xaxX*)I* + (1 —m) [|(xex*)]?

~on(1 ~an) g (I T(PT)™ (o) l)

< ot k2 B eI+ ainkn (1 =) [1%0X** aakofBa(L-n) G (Ix-T(PT)™ (o)

+(1-on) ”Xn'X*HZ_ an (1-an) 9 (”Xn'T(P-I-)n_1 (ya)ll)
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X117 < [ +{anfBnk 2 + ctnkn —0tfBka- o} XX
~ anfikn (1-61) 9 (X TPT)™ (Xo)ll-0tn (1-e)g (%= T"(PT)™ (y)
an(1-0n) G (IXa-TPT)™ (Yl < X=X Xnea-x*( 1 +

{onBkn (K= 1) + an(Ko= 1)} [[Xe=X*||? (2.2)
onfakn (1Pn) G 1D T(PT)™ (Xu)ll) < [XamX*{ Pl 1-X*|
+{ o Bokn (K= 1) + (K= 1)} [Xa-X*| (2.3)
{on} and {f,} satisfy (2.1)

Let m > 1. Then from the inequality (2.2), we have

D0y (L-0n) G (e TPT)™ (VI < XX P esx*]

n=1
m

£ {anfika (k= 1) + anllom DHxorx*|P
n=1

when m — oo, we have

>, (1-0n) g (X0 TT) (yo)l| < o0

n=1

since Y (ky-1)< 0, [|x, —x*|| is bounded and )" a, (1-at;) = o0

n=1 n=1

= lim inf g [b-T(PT)™ ()l = 0

From lemma 1.3 we get

lim inf [x,-T(PT)" (yn)|| = 0

since [[x.-T(PT)"™" (xa)ll = I TPT)™ (yo) + T(PT)™ (va)-T(PT)™ (xo)
< o TET)™ )l + | TPT)™ (x0)-T(PT)" ()l

< [xaTPT)™ (yn)ll + Kn [Xn-Yall

< [%aTCT)™ (yn)ll + Ko %= T(PT)™ Xo X +Bn e |
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< [X0=TCT)™ (Yl + KnfBa %" T(PT)™ (xo)l
(1'knﬂn) ”Xn'T(PT)n_l(Xn)” < ”Xn'T(PT)n_1 (yn)”

lim inf (1-koBs) > 0 & lim inf [x,-T(PT)™™ (yo)|| = O

lim inf [x,-T(PT)™ (x,)[| = 0
n—oo
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